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CONGRUENCES ON THE MONOID OF MONOTONE INJECTIVE PARTIAL
SELFMAPS OF Ln ×lex Z WITH CO-FINITE DOMAINS AND IMAGES
OLEG GUTIK AND INNA POZDNIAKOVA
Abstract. We study congruences on the semigroup IO∞(Znlex) of monotone injective partial selfmaps
of the set of Ln×lexZ having co-finite domains and images, where Ln×lexZ is the lexicographic product
of n-elements chain and the set of integers with the usual linear order. The structure of the sublattice
of congruences on IO∞(Znlex) which contained in the least group congruence is described.
We follow the terminology of [5, 6] and [7]. We shall denote the additive group of integers by Z(+).
An algebraic semigroup S is called inverse if for any element x ∈ S there exists a unique x−1 ∈ S
such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called the inverse of x ∈ S. If S is
an inverse semigroup, then the function inv : S → S which assigns to every element x of S its inverse
element x−1 is called an inversion.
If C is an arbitrary congruence on a semigroup S, then we denote by ΦC : S → S/C the natural
homomorphisms from S onto the quotient semigroup S/C. A congruence C on a semigroup S is called
non-trivial if C is distinct from universal and identity congruences ∆S on S, and group if the quotient
semigroup S/C is a group. Every inverse semigroup S admits the least (minimum) group congruence
σ:
aσb if and only if there exists e ∈ E(S) such that ae = be
(see [7, Lemma III.5.2])
If S is a semigroup, then we shall denote the subset of idempotents of S by E(S). If S is an inverse
semigroup, then E(S) is closed under multiplication and we shall refer to E(S) as a band (or the band
of S). If the band E(S) is a non-empty subset of S, then the semigroup operation on S determines the
following partial order 6 on E(S): e 6 f if and only if ef = fe = e. This order is called the natural
partial order on E(S). A semilattice is a commutative semigroup of idempotents. A semilattice E is
called linearly ordered or a chain if its natural order is a linear order. A maximal chain of a semilattice
E is a chain which is properly contained in no other chain of E.
If S is a semigroup, then we shall denote the Green relations on S by R, L , J , D and H (see [1,
Section 2.1]):
aRb if and only if aS1 = bS1;
aL b if and only if S1a = S1b;
aJ b if and only if S1aS1 = S1bS1;
D = L ◦R = R ◦L ;
H = L ∩R.
A semigroup S is called simple if S contains no proper two-sided ideal, i.e., S has a unique J -class,
and bisimple if S has a unique D-class.
If α : X ⇀ Y is a partial map, then by domα and ranα we denote the domain and the range of α,
respectively.
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Let Iλ denotes the set of all partial one-to-one transformations of an infinite set X of cardinality
λ endowed with the following semigroup operation: x(αβ) = (xα)β if x ∈ dom(αβ) = {y ∈ domα |
yα ∈ dom β}, for α, β ∈ Iλ. The semigroup Iλ is called the symmetric inverse semigroup over the set
X (see [1, Section 1.9]). The symmetric inverse semigroup was introduced by Wagner [8] and it plays
a major role in the theory of semigroups. An element α ∈ Iλ is called cofinite, if the sets λ \ domα
and λ \ ranα are finite.
Let (X,6) be a partially ordered set. We shall say that a partial map α : X ⇀ X is monotone if
x 6 y implies (x)α 6 (y)α for each x, y ∈ X .
Let Z be the set of integers with the usual linear order “≤”. For any positive integer n by Ln we
denote the set {1, . . . , n} with the usual linear order “≤”. On the Cartesian product Ln×Z we define
the lexicographic order, i.e.,
(i,m) 6 (j, n) if and only if (i < j) or (i = j and m ≤ n).
Later the set Ln × Z with the lexicographic order we denote by Ln ×lex Z. Also, it is obvious that the
set Z× Ln with the lexicographic order is order isomorphic to (Z,≤).
By IO∞(Z
n
lex) we denote a semigroup of injective partial monotone selfmaps of Ln ×lex Z with co-
finite domains and images. Obviously, IO∞(Z
n
lex) is an inverse submonoid of the semigroup Iω and
IO∞(Z
n
lex) is a countable semigroup. Also, by IO∞(Z) we denote a semigroup of injective partial
monotone selfmaps of Z with cofinite domains and images.
Furthermore, we shall denote the identity of the semigroup IO∞(Z
n
lex) by I and the group of units
of IO∞(Z
n
lex) by H(I).
Gutik and Repovsˇ in [3] showed that the semigroup Iր∞(N) of partial cofinite monotone injective
transformations of the set of positive integers N has algebraic properties similar to those of the bicyclic
semigroup: it is bisimple and all of its non-trivial semigroup homomorphisms are either isomorphisms
or group homomorphisms.
In [4] Gutik and Repovsˇ studied the semigroup Iր∞ (Z) of partial cofinite monotone injective trans-
formations of the set of integers Z and they showed that Iր∞ (Z) is bisimple and all of its non-trivial
semigroup homomorphisms are either isomorphisms or group homomorphisms.
In the paper [2] we studied the semigroup IO∞(Z
n
lex). There we described Green’s relations on
IO∞(Z
n
lex), showed that the semigroup IO∞(Z
n
lex) is bisimple and established its projective congru-
ences. Also, there we proved that IO∞(Z
n
lex) is finitely generated, every automorphism of IO∞(Z) is
inner and showed that in the case n > 2 the semigroup IO∞(Z
n
lex) has non-inner automorphisms. In
[2] we proved that for every positive integer n the quotient semigroup IO∞(Z
n
lex)/σ, where σ is the
least group congruence on IO∞(Z
n
lex), is isomorphic to the direct power (Z(+))
2n.
By Proposition 2.3(iv) [2], the semigroup IO∞(Z
n
lex) is isomorphic to the direct power (IO∞(Z))
n.
Fixing this isomorphism further we shall identify elements of the semigroup IO∞(Z
n
lex) with ele-
ments of the direct product (IO∞(Z))
n, i.e., every element α of IO∞(Z
n
lex) we present in the form
(α1, α2, . . . , αn), where all αi belongs to IO∞(Z). Later by α
◦
i we shall denote the element with the
form (I1, . . . , Ii−1, αi, Ii+1, . . . , In), where Ij is the identity of the j-th factor of (IO∞(Z))
n for all j and
αi ∈ (IO∞(Z)). It is obvious that for every α = (α1, . . . , αn) ∈ IO∞(Z
n
lex) we have that α = α
◦
1 . . . α
◦
n.
For every i = 1, . . . , n we define a binary relation σ[i] on the semigroup IO∞(Z
n
lex) in the following
way:
ασ[i]β if and only if there exists an idempotent ε ∈ IO∞(Z
n
lex) such that αε
◦
i = βε
◦
i .
In [2] we proved that σ[i] is a congruence on IO∞(Z
n
lex) for every i = 1, . . . , n. Also, there is shown
that for any subset {i1, . . . , ik} ⊆ {1, . . . , n} of distinct integers, the relation σ[i1,...,ik] = σ[i1] ◦ . . . ◦
σ[ik ] is a congruence on IO∞(Z
n
lex) and is described the properties of the congruence σ[i1,...,ik] (see
Propositions 2.11-2.13, 2.15 and 2.18 in [2]). Moreover, σ[1,2,...,n] is the least group congruence on the
semigroup IO∞(Z
n
lex).
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For every i = 1, . . . , n we define a map πi : IO∞(Z
n
lex) → IO∞(Z
n
lex) by the formula (α)π
i = α◦i ,
i.e., (α1, . . . , αi, . . . , αn)π
i = (I1, . . . , Ii−1, αi, Ii+1, . . . , In). Simple verifications show that the map
πi : IO∞(Z
n
lex) → IO∞(Z
n
lex) is a homomorphism. Let π
i♯ be the congruence on the semigroup
IO∞(Z
n
lex) which is generated by the homomorphism π
i.
Let S be an inverse semigroup. For any congruence ρ on S we define a congruence ρmin on S as
follows:
aρminb if and only if ae = be for some e ∈ E(S) and eρa
−1aρb−1b,
(see: [7, Section III.2]). Then Proposition 2.17 of [2] implies that
πi
♯
min = σ[1] ◦ . . . ◦ σ[i−1] ◦ σ[i+1] ◦ . . . ◦ σ[n]
for every i = 1, . . . , n.
This paper is a continuation of [2] and we study congruences on the semigroup IO∞(Z
n
lex). Here
we describe the structure of the sublattice of congruences on IO∞(Z
n
lex) which contained in the least
group congruence.
For arbitrary elements α = (α1, . . . , αn) and β = (β1, . . . , βn) of the semigroup IO∞(Z
n
lex) we define:
Dα,β = {i ∈ {1, . . . , n} | αi 6= βi} .
It is obvious that elements α, β ∈ IO∞(Z
n
lex) are equal if and only if Dα,β = ∅.
Lemma 1. Let C be a congruence on the semigroup IO∞(Z
n
lex). Let α and β be two distinct C-
equivalent elements of the semigroup IO∞(Z
n
lex). Then there exists an element ̟ in IO∞(Z
n
lex) such
that IC̟ and DI,̟ = Dα,β.
Proof. By Proposition 2.3(iv) from [2] the semigroup IO∞(Z
n
lex) is isomorphic to the direct power
(IO∞(Z))
n. We denote α = (α1, . . . , αn) and β = (β1, . . . , βn). Then for every i ∈ Dα,β we have that
αi 6= βi.
We fix an arbitrary i ∈ Dα,β. Then one of the following cases holds:
1) αiH βi in IO∞(Z);
2) αi and βi are not H -equivalent in IO∞(Z).
Suppose that case 1) holds. By Proposition 2.3 of [4] the semigroup IO∞(Z) is bisimple and hence
by Theorem 2.3 from [1] there exist γi, δi ∈ IO∞(Z) such that ηi = γiαiδi and ζi = γiβiδi are distinct
elements of the group of units of the semigroup IO∞(Z). Then we have that η
−1
i ηi = η
−1
i γiαiδi = Ii
is the unit of the semigroup IO∞(Z) and η
−1
i ζi = η
−1
i γiβiδi 6= Ii. Hence, without loss of generality we
can assume that there exist elements γi and δi of the semigroup IO∞(Z) such that γiαiδi = Ii is the
unit of IO∞(Z) and γiβiδi 6= Ii.
Suppose that the elements αi and βi are not H -equivalent in IO∞(Z). Then by Proposition 2.1(vii)
of [4] we have that at least one of the following conditions holds:
domαi 6= dom βi or ranαi 6= ran βi.
Since every subset with finite complement in Z is order isomorphic to Z we conclude that there exist
monotone bijective maps γi : Z→ domαi and δi : ranαi → Z. Then we have that γiαiδi is an element
of the group of units of the semigroup IO∞(Z), because dom(γiαiδi) = ran(γiαiδi) = Z.
Suppose we have that domαi 6= dom βi. If there exists an integer k ∈ domαi such that k /∈ dom βi,
then (k)γ−1i ∈ dom(γiαiδi) and (k)γ
−1
i /∈ dom(γiβiδi). If there exists an integer k ∈ domβi such
that k /∈ domαi, then (k)γ
−1
i ∈ dom(γiβiδi) and (k)γ
−1
i /∈ dom(γiαiδi). Therefore, we get that
dom(γiβiδi) 6= dom(γiαiδi).
Suppose we have that ranαi 6= ran βi. If there exists an integer k ∈ ranαi such that k /∈ ranβi, then
(k)δi ∈ ran(γiαiδi) and (k)δi /∈ ran(γiβiδi). If there exists an integer k ∈ ranβi such that k /∈ ranαi,
then (k)δi ∈ ran(γiβiδi) and (k)δi /∈ ran(γiαiδi). This implies that ran(γiβiδi) 6= ran(γiαiδi).
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Since every translation on an arbitrary element of the group of units of the semigroup IO∞(Z) is a
bijective map of the set of integers Z, without loss of generality we can assume that the element γiαiδi
is the unit of the semigroup IO∞(Z).
Next, we define elements γ = (γ1, . . . , γn) and δ = (δ1, . . . , δn) of the semigroup IO∞(Z
n
lex) in
the following way. For i ∈ Dα,β we define γi and δi to be the elements of the semigroup IO∞(Z) so
constructed above. For i ∈ {1, . . . , n}\Dα,β we put γi and δi are the elements of the semigroup IO∞(Z)
such that γiαiδi = γiβiδi = Ii is the unit of the semigroup IO∞(Z). The existence of so elements γi
and δi in IO∞(Z) follows from Theorem 2.3 of [1] and the fact that the semigroup IO∞(Z) is bisimple
(see [4, Proposition 2.3]).
Hence we get that
γαδ = I, ̟ = γβδ 6= I and ̟CI in IO∞(Z
n
lex).
Moreover, our construction implies that DI,̟ = Dα,β. 
Lemma 2. Let C be a congruence on the semigroup IO∞(Z
n
lex). Let α and β be two distinct C-
equivalent elements of the semigroup IO∞(Z
n
lex). Then there exists an element ψ in IO∞(Z
n
lex) such
that ICψ, DI,ψ = Dα,β and elements I and ψ are not H -equivalent in IO∞(Z
n
lex).
Proof. If α and β are not H -equivalent elements of the semigroup IO∞(Z
n
lex), then by case 2) of the
proof of Lemma 1 we obtain that IC̟ = γβδ and the elements I and ̟ are not H -equivalent in
IO∞(Z
n
lex).
Next, we suppose that αH β and put α = (α1, . . . , αn) and β = (β1, . . . , βn). Then by Proposition 2.3
of [4] the semigroup IO∞(Z) is bisimple and hence by Theorem 2.3 of [1] for every i = 1, . . . , n there
exist γi, δi ∈ IO∞(Z) such that γiαiδi = Ii is the unit of the semigroup IO∞(Z) and γiβiδi 6= Ii for
each i ∈ Dα,β. Since αH β and by Proposition 2.3(v) of [2] the semigroup IO∞(Z
n
lex) is isomorphic to
the direct power (IO∞(Z))
n we conclude that γiβiδi is an element of the group of units of IO∞(Z)
for each i ∈ {1, . . . , n}, and moreover γiβiδi = Ii = γiαiδi for any i ∈ {1, . . . , n} \Dα,β.
We denote γ = (γ1, . . . , γn) and δ = (δ1, . . . , δn) and put κ = (κ1, . . . , κn) = γβδ. Then we have that
Dα,β = DI,κ. Also the relation αH β implies that IH κ, and since IO∞(Z
n
lex) is an inverse semigroup
we get that IH κm for every integer m. By Proposition 2.2 of [4] the group of units of the semigroup
IO∞(Z) is isomorphic to Z(+). Hence, this implies that without loss of generality we can assume that
(p)κi = p+mi, where mi 6= 0, for every i ∈ Dα,β because.
Next, for every integer i = 1, . . . , n we define a partial map χi : Z ⇀ Z in the following way:
(a) if i ∈ {1, . . . , n} \Dα,β, then we define χi : Z→ Z be the identity map;
(b) if i ∈ Dα,β and mi > 1, then we define domχi = Z, ranχi = Z \ {1, . . . , mi} and
(k)χi =
{
k +mi, if k > 1;
k, if k 6 0;
(c) if i ∈ Dα,β and mi 6 −1, then we define domχi = Z, ranχi = Z \ {mi, . . . ,−1} and
(k)χi =
{
k, if k > 0;
k +mi, if k 6 −1.
We put χ = (χ1, . . . , χn). The definition of the semigroup IO∞(Z
n
lex) implies that χ and its inverse
χ−1 are elements of IO∞(Z
n
lex). Simple verifications show that I = χχ
−1 = χIχ−1. Also, since C is a
congruence on the semigroup IO∞(Z
n
lex) we conclude that I = χIχ
−1
Cχκχ−1.
Now simple calculations imply that
(i) if mi > 0 then
(k)χiκiχ
−1
i =


k +mi, if k > 1;
undefined, if −mi < k 6 0;
k +mi, if k 6 −mi,
and similarly
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(ii) if mi < 0 then
(k)χiκiχ
−1
i =


k +mi, if k > −mi;
undefined, if 0 6 k < −mi;
k +mi, if k 6 −1.
Next we put ψ = χκχ−1, and hence we obtain that ICψ but domψ 6= Z. This completes the proof
of our lemma. 
Remark 3. The proof of Lemma 2 implies that for element ψ = (ψ1, . . . , ψn) the following property
holds:
ψi is not H -equivalent to the unit of the semigroup IO∞(Z) for every i ∈ Dα,β.
Proposition 4. Let C be a congruence on the semigroup IO∞(Z
n
lex). Let α and β be two distinct
C-equivalent elements of the semigroup IO∞(Z
n
lex). Then there exists a non-unit idempotent ε in
IO∞(Z
n
lex) such that ICε and DI,ε = Dα,β.
Proof. Lemma 2 implies that there exists an element ψ of the semigroup IO∞(Z
n
lex) such that ψCI,
DI,ψ = Dα,β and elements I and ψ are not H -equivalent in IO∞(Z
n
lex). Also, by Remark 3 for every
integer i ∈ Dα,β the element ψi is not H -equivalent to the unit Ii of the semigroup IO∞(Z). This
implies that for every integer i ∈ Dα,β at least one of the following conditions holds:
ψiψ
−1
i 6= Ii or ψ
−1
i ψi 6= Ii in IO∞(Z).
Since IO∞(Z
n
lex) is an inverse semigroup we have that ICψ
−1. This implies that ICψψ−1 and ICψ−1ψ,
and hence we get that ICε, where ε = ψψ−1ψ−1ψ. The above arguments show that DI,ε = Dα,β. 
Proposition 5. Let C be a congruence on the semigroup IO∞(Z
n
lex). Let α and β be two distinct
C-equivalent elements of the semigroup IO∞(Z
n
lex). Then ICε for any idempotent ε in IO∞(Z
n
lex) such
that DI,ε = Dα,β.
Proof. By Proposition 4 there exists an idempotent ε of the semigroup IO∞(Z
n
lex) such that ICε and
DI,ε = Dα,β. We fix an arbitrary non-unit idempotent ι ∈ IO∞(Z
n
lex) such that ε 6 ι in E(IO∞(Z
n
lex)).
Then we have that ιI = ι and hence the relation ICε implies that ι = ιICιε = εCI. Therefore, for every
i ∈ Dα,β there exists an idempotent ε
◦
i such that ε
◦
iCI and the set Z \ dom ε
◦
i is singleton. We put
{mi} = Z \ dom ε
◦
i for every integer i ∈ Dα,β. We fix an arbitrary integer pi for i ∈ Dα,β and define
the map ̺i : Z→ Z by the formula:
(j)̺i = j −mi + pi, for every j ∈ Z.
Then ̺i is an element of the group of units of the semigroup IO∞(Z) and hence ̺i̺
−1
i = ̺
−1
i ̺i = Ii
in IO∞(Z). Moreover, it is obvious that ̺
−1
i ε
◦
i̺i is an idempotent of the semigroup IO∞(Z) such
that dom(̺−1i ε
◦
i̺i) = Z \ {pi}. Also, we obtained that Ii = ̺
−1
i Ii̺iC̺
−1
i ε
◦
i̺i in IO∞(Z). Now the
definition of the semigroup IO∞(Z) implies that ICι
◦
i for any idempotent ι in IO∞(Z), because every
idempotent ι in the semigroup IO∞(Z) is equal to a product of finitely many idempotents of the form
ι◦i , i ∈ {1, . . . , n}, with the property that the set Z \ dom ι
◦
i is singleton. Then for every idempotent ε
of the semigroup IO∞(Z
n
lex) with the property DI,ε = Dα,β we have that
ε = ε◦i1 · . . . · ε
◦
ik
, where {i1, . . . , ik} = Dα,β,
and hence ICε. This completes the proof of the proposition. 
Theorem 6. Let C be a congruence on the semigroup IO∞(Z
n
lex). Then the following statements hold:
(i) If ∆IO∞(Znlex) ⊆ C ⊆ σ[im] for some im ∈ {1, . . . , n}, then either ∆IO∞(Znlex) = C or C = σ[im].
(ii) If σ[i1,...,im] ⊆ C ⊆ σ[i1,...,im,im+1], for any subset {i1, . . . , im, im+1} ⊆ {1, . . . , n}, then either
σ[i1,...,im] = C or C = σ[i1,...,im,im+1].
6 O. GUTIK AND I. POZDNIAKOVA
Proof. By Proposition 2.15 from [2] we have that for any collection {i1, . . . , ik} ⊆ {1, . . . , n} of distinct
indices, k ≤ n, and, hence, ασ[i1,...,ik]β in IO∞(Z
n
lex) if and only if αε
◦
i1
. . . ε◦ik = βε
◦
i1
. . . ε◦ik for some
idempotents ε◦i1 , . . . , ε
◦
ik
∈ IO∞(Z
n
lex). This implies that Iσ[i1,...,ik]ε for every idempotent ε of the
semigroup IO∞(Z
n
lex) such that DI,ε ⊆ {i1, . . . , ik}. Then applying Proposition 4 we get the statement
of the theorem. 
For any proper subset if indices I ⊂ {1, . . . , n} we define a map πI : IO∞(Z
n
lex)→ IO∞(Z
n
lex) by the
formula (α1, . . . , αn)πI = (β1, . . . , βn), where
βi =
{
αi, if i ∈ I;
Ii, if i ∈ {1, . . . , n} \ I.
Simple verifications show that such defined map πI : IO∞(Z
n
lex) → IO∞(Z
n
lex) is a homomorphism.
Let πI
♯
be the congruence on IO∞(Z
n
lex) which is generated by the homomorphism π
I.
Proposition 7. Let I be an arbitrary proper subset of {1, . . . , n}. Then πI
♯
min = σ[i1] ◦ . . . ◦ σ[ik], where
{i1, . . . , ik} = {1, . . . , n} \ I.
Proof. Suppose that α(σ[i1] ◦ . . . ◦ σ[ik])β in IO∞(Z
n
lex) for some elements α = (α1, . . . , αn) and β =
(β1, . . . , βn). Proposition 2.15 of [2] implies that αε
◦
i1
. . . ε◦ik = βε
◦
i1
. . . ε◦ik for some idempotent ε =
(ε1, . . . , εn) such that εi = Ii for all i ∈ I, i.e., αε = βε. Then we have that αi = βi for all i ∈ I, and
hence αε∗ = βε∗ for ε∗ = (ε∗1, . . . , ε
∗
n), where
ε∗i =
{
α−1i αi = β
−1
i βi, if i ∈ I;
εi, if i ∈ {1, . . . , n} \ I.
It is obvious that ε∗πI
♯
α−1απI
♯
β−1β. This implies the inclusion σ[i1] ◦ . . . ◦ σ[ik] ⊆ π
I♯
min.
Suppose that απI
♯
minβ in IO∞(Z
n
lex) for some elements α = (α1, . . . , αn) and β = (β1, . . . , βn). Then
there exists an idempotent ε = (ε1, . . . , εn) in IO∞(Z
n
lex) such that αε = βε and επ
I♯α−1απI
♯
β−1β.
The last two equalities imply that α−1i αi = β
−1
i βi = εi for all i ∈ I. This and the equality αε = βε
imply that αiεi = βiεi for all i ∈ I and hence we obtain that αi = αiα
−1
i αi = αiεi = βiεi = βiβ
−1
i βi = βi
for all i ∈ I. Therefore we have that αε∗ = βε∗, where the idempotent ε∗ = (ε∗1, . . . , ε
∗
n) defined in the
following way
ε∗i =
{
α−1i αi, if i ∈ I;
εi, if i ∈ {1, . . . , n} \ I.
This implies that αε◦i1 . . . ε
◦
ik
= βε◦i1 . . . ε
◦
ik
. By Proposition 2.15 of [2] we get that α(σ[i1] ◦ . . . ◦ σ[ik])β
in IO∞(Z
n
lex), and hence we get that π
i♯
min ⊆ σ[i1] ◦ . . . ◦ σ[ik]. This completes the proof of equality
πI
♯
min = σ[i1] ◦ . . . ◦ σ[ik]. 
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